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Wi l son  (1949) has  s h o w n  t h a t ,  ideal ly ,  t h e  in tens i t i es  in  
a n y  h o m o g e n e o u s  g roup  of ref lexions  (S tanley ,  1955) a re  
d i s t r i b u t e d  in  one of two  ways .  I n  t h e  fo rm  g iven  b y  
Howel l s ,  Phi l l ips  & Roger s  (1950) t he  d i s t r i b u t i o n  func-  
t ions  a re  

(1)P(z)dz = e x p  (--z)dz (1) 
a n d  

(1)P(z) dz = (2nz)-½ exp  (--½z) d z ,  (2) 

w h e r e  z = 1/27 a n d  27 = ~ . fg .  B o t h  d i s t r i bu t ions  a re  of 
t h e  T y p e  I I I  of P e a r s o n  (1895) a n d  i t  follows (Ai tken,  
1949, p.  129) t h a t  t h e  m e a n  va lue ,  2, of a g r o u p  of n 
ref lexions  is d i s t r i b u t e d  as 

(1)P(5)nd2 = nnF(n)-~(2) n-~ exp  (--n2)d2 (3) 
a n d  

(i)P(2)nd2 = (½n)½nI'(½n)-l(2) ½n-1 exp  (--½n2)d2 . (4) 

T h e  d i s t r i bu t ions  (3) a n d  (4) a re  iden t i ca l  a p a r t  f r o m  t h e  
fac to r  2 in t he  va r i ab le  n,  a n d  
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Fig. 1. The distribution of t h e  m e a n  v a l u e  of n intensities 

from the acentric distribution. 
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(1)P(~)n = ( i )P (~hn  • (5) 

I t  is c o n v e n i e n t  to  dea l  on ly  w i t h  t h e  d i s t r i bu t i on  (3) 
s ince i t  is s i m p l y  r e l a t e d  to  (4) t h r o u g h  (5). The  d is t r ibu-  
t i on  is skew b u t  t e n d s  a s y m p t o t i c a l l y  to  t h e  n o r m a l  
d i s t r i bu t i on  as n increases .  Fig .  1 shows t h e  d i s t r i bu t i on  
g raph i ca l l y  for  severa l  va lues  of n.  T h e  m e a n  va lue  of 2 is 

(2) = 1.  (6) 

T h e  m o s t  p r o b a b l e  v a l u e  of 2 occurs  a t  

(~)max. = 1-- 1/n ,  (7) 
a n d  has  t h e  va lue  

(1)P(2)max. = nnF(n)-Z(1--  l/n) n-1 exp (--  (n- -  1)) . (8) 

I f  n is large,  n! -- nn(2:m) ½ exp  ( - -n)  a n d  this  r educes  to  

(1 )P (2 )max . -  n{2yr(n--1)}-½,  (9) 

w h i c h  is co r rec t  to  a b o u t  1% for  n = 10. 
T h e  v a r i a n c e  of 2 is (1)V(g)n = l /n,  a n d  t h e  s t a n d a r d  

d e v i a t i o n  is 
(1)a(2)n = ( l /n )½.  (10) 

T h e  f ac t  t h a t  (1)P(~)n = (T)P(~)zn has  some in t e r e s t i ng  
consequences .  T h e  d i s t r i b u t i o n  of t he  m e a n  va lues  of t h e  
ref lexions  t a k e n  in  pa i r s  f r o m  t h e  cen t r i c  d i s t r i bu t i on  
y ie lds  t h e  acen t r i c  d i s t r i bu t ion .  This  impl ies  t h a t  a false 
d i s t r i b u t i o n  w o u l d  be  o b t a i n e d  in  a n y  e v e n t  w h e n  non-  
e q u i v a l e n t  re f lexions  over lap .  This  could  occur  in p o w d e r  
p h o t o g r a p h s  of c rys ta l s  be long ing  to  some space  g roups  
a n d  w i t h  some twins  w h e r e  two  d i f fe ren t  cen t r i c  d i s t r ibu-  
t ions ,  c o m p l e t e l y  ove r l app ing ,  w o u l d  give a n  acen t r i c  
d i s t r ibu t ion .  I f  t he  ove r l ap  is g r ea t e r  t h a n  twofo ld  or if t h e  
i nd iv idua l  d i s t r i bu t ions  are  acen t r ic ,  t he  r e su l t ing  dis tr i -  
b u t i o n  wil l  h a v e  e v e n  lower  dispers ion.  

T h e  N(z) d i s t r i b u t i o n  w h e r e  N(z) = P(z)dz (Howel ls  
t 0 

et al., 1950) has  b e e n  u sed  for  d i s t ingu i sh ing  b e t w e e n  t h e  
d i s t r i b u t i o n s  (1) a n d  (2). T h e  two  curves  are  s o m e w h a t  
s imi la r  in  shape .  T h e  d i s t r i bu t i on  of .N(~) is 

( 1 ) N ( 2 h  = f;P(2)~d2 = t x nnr(n)- ' (~) n-~ exp  (--n2) d~ . 
'~o "o (11) 

This  is t h e  i ncomple t e  g a m m a  f u n c t i o n  t a b u l a t e d  b y  
P e a r s o n  (1934). W h e n  n ---- 2 

(I)N(2)9 = (1)2V(2)= 1 - - e x p  (--z) (12) 
a n d  

-- 

(1)N(~)9 ---- 4 Iz  2 e x p  (--2~)d~ = 1 - - ( l q - g 2 ) e x p  (--25).  (13) 
~ 0  

T h e  shape  of (1)N(2)~ is qu i t e  d i f fe ren t  f r om ( i )N(2) , ,  
n o t a b l y  in  h a v i n g  a n  oppos i te  in i t ia l  c u r v a t u r e .  These  
cu rves  a re  s h o w n  in Fig .  2. I t  is possible  t h a t  th is  w o u l d  
p r o v i d e  a m o r e  cr i t ica l  t e s t  for  t h e  d i s t r i bu t i on  t y p e  b u t  
i~ w o u l d  be  t ed ious  to  app ly .  F o r  n > 2 t he  f ami ly  of 
-N(2)n cu rves  s h o w n  in Fig .  2 all  h a v e  a n  ini t ia l  c u r v a t u r e  
oppos i te  to  t h a t  of t h e  -At(z) curves .  
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Fig. 2. The cumulative distributions (1)/V(~)n. 

The de terminat ion  of the  error in the  mean  value of the  
intensities, (I},  is complicated by the  dependence on sin0. 
Provided the range of sin 0 is not  large the  s tandard  
deviat ions are 

(1)a((/abs.))n -- ( l /n)½1 
and 

(i)~((labs.))n- (2 /n )~ ,  

where labs. is the  value of the  in tensi ty  on the  absolute 
scale. 

To determine the  scaling factor (7 and the  tempera ture  
coefficient 2B, In ((I>/,V,) is p lo t ted  against  sin".0/2 ~ 
(Wilson, 1942). The s tandard  deviat ion of the  ordinate 
of each point  on the  graph is of the  order a(~)n and  the  
distr ibut ion is reasonably symmetr ical  for n > 20. The 
s tandard  deviat ion of the  extrapola ted logari thm of the  
scaling factor is of the  order a(~)n(m--1)-~, where m is 
the  number  of equal unique groups into which the  N 
reflexions are divided (N ---- nm). The s tandard  deviat ion 
of the  scaling factor is then  of the  order Ca(2)n(m--1)-½, 
so tha t  very  roughly the  s tandard  deviat ions of the  scaling 
factor for the  distr ibutions (1) and  (2) are C(1/_hr)½ and 
c(2/N)½. 

The s tandard  error in the  tempera ture  coefficient 2B 
will be of the  order a(~)nF/(m--1)½ sin" 0ma~., where 
0max. is the  m a x i m u m  value of 0 used in the  graph. 

Al though this analysis is only approximate  it enables 
some est imate  to be made  of the  reliability of the  scaling 
factor and  the tempera ture  factor to be expected from a 
statistically ideal structure.  I t  may  also be of use in 
indicat ing whether  observed deviat ions of the  individual  
points on the  Wilson graph are wi thin  the  likely range or 
due to departures  of the  structure from the ideal. 

The me thod  of Kar tha  (1953) for determining the  
absolute scale of intensities suffers from exact ly the  same 

type of errors.* Al though the  equat ion given by  Ka r tha  
is exact it involves the  summat ion  of the  observed in- 
tensities to infinity. Any  finite summat ion  will have a 
probable error governed by the  distr ibut ion type,  the  
way in which the  mean  intensi ty  varies wi th  sin 0 and  
the  number  of reflexions included in the  summation.  
Since the  range of sin 0 in this case is not  small the  present  
analysis is not  direct ly applicable but  there  seems no 
reason why the  probable error should be less than  t h a t  in 
Wilson's method .  

I am grateful to Dr D. Rogers for some helpful criti- 
cisms. 
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* Kartha suggests that a temperature coefficient may be 
obtained from the melting point of the material or from the 
value of sin 0/~t at which the mean intensity is reduced to, 
say, 1/1000 of its maximum value. The first method will 
give a value of 2B which may be very different fr0m the ap. 
parent coefficient observed in the X-ray diffraction pattern; 
the second method is exactly equivalent to, though less 
precise than, the method of Wilson. 


